In this work we extend the results of [1], on the application of an alternative approach to the exact renormalization to string cosmology, by studying the behaviour of the theory in the neighborhood of the non-trivial fixed point of [1] . This fixed point corresponds to a Minkowski static space-time and is interpreted as an asymptotic exit phase of the linear dilaton string cosmology. For large cosmic times, the Universe is expanding and decelerating, approaching asymptotically the Minkowski vacuum.
In [1] , an alternative method to exact renormalization (reviews can be found in [2] ) was applied to σ-models with the aim of finding new cosmological backgrounds in String Theory, describing the exit phase from the linear-dilaton cosmology, associated to a linearly expanding Universe. In [1] , a non trivial fixed point solution of the novel evolution equation was found (which is an "infrared" fixed point in terms of the evolution parameter, controlling the amplitude of quantum fluctuations). The latter fixed point leads to a logarithmic dilaton (in the String frame) and a Minkowski space-time (in target space dimension D = 4). Assuming the evolution from the linear dilaton (which is also a fixed point of the evolution equation) to the logarithmic dilaton leads to the physical interpretation of the flow as providing an exit mechanism, which is a specific feature of this alternative approach to exact renormalization and does not characterize conventional renormalization group approaches.
In this brief note we study in detail the approach to the infrared fixed point by means of a linearization about it. This will give us information on the Physics of the target space in the sense of determining the time dependence (for large cosmic times) of the space-time metric, which asymptotes to the Minkowski space-time.
To this end, we consider a spherical world sheet with a curvature scalar R. The bare action of the bosonic σ-model in a dilaton background reads [5] 
where η µν is the flat Minkowski target-space metric. The parameter λ controls the amplitude of the kinetic term: for λ >> 1, the latter dominates the bare dilaton φ B , and the theory is classical. As λ decreases, the effects of the interactions in φ B gradually appear and the quantum theory settles in. The linear dilaton V µ X µ plays the role of a source term for X µ , so as to define the Legendre transform of the connected graphs generator functional, i.e. the effective action, as explained in [1] . The latter is assumed to be of the form
where φ λ (X 0 ) is the quantum dilaton and f λ (X 0 ), l λ (X 0 ) are determined by conformal invariance conditions, which read to first order in the Regge slope [1] 
where a prime denotes a derivative with respect to X 0 . The evolution equation for the dilaton with λ and the corresponding condition on the target space metric were found in [1] :
where a dot denotes a derivative with respect to λ and Λ is a world sheet cut off. This evolution equation for φ is exact and non-perturbative, in the framework of the gradient expansion (2). The condition on f and l which accompanies the evolution equation (4) was imposed so as to cancel a contribution quadratic in Λ. Note that the well-known linear dilaton (see [3] ) corresponds to a trivial fixed point of the evolution equation (4) . Finally, a cut-off free and scale independent equation was obtained by taking a new derivative with respect to X 0 :
It was found in [1] that the exact fixed point solution of the evolution equation (5), consistent with the conformal invariance conditions (3) and the second relation (4), is
where κ = 3(D − 3)/(26 − D) is supposed to be positive, i.e. 3 < D < 26. It was shown that this fixed point leads, for D = 4, to a flat and static target space metric (in the Einstein frame). As mentioned above, the latter solution was physically interpreted as an exit from the equilibrium phase of the linear-dilaton expanding Universe of [3] . Note that this logarithmic (in terms of X 0 ) dilaton leads to a logarithmic dilaton in terms of the Einstein time t E , which is also the case for the linear (in terms of X 0 ) dilaton [3] or for effective models dealing with gas of strings [4] . Also, we can note that a consistent solution for D > 26 is possible, and corresponds to a change of signature of the target space metric. We are now looking for a linearization around the fixed point (6) and define for this
where the function ε is assumed small compared to 1. Using the first condition (3), one finds that the corresponding function f is, to first order in ε,
The resulting linearization of eq. (5) is
To find a solution of this equation, we assume the separation of variables
and the solution for η is then η(λ) = η 0 exp{−λ/λ 0 }, where η 0 and λ 0 are constants. The constant λ 0 should be positive, for the following reason: the classical theory must be reached for λ → ∞, where the perturbation ε is supposed to vanish, and as λ decreases to 1, the full dilaton appears for the quantum theory to settle in. The remaining equation for ψ can then be solved by assuming a solution of the form ψ = exp{−A(X 0 ) a }. One easily finds that this ansatz is consistent if a = −1, which leads to A 2 = 16πκ 2 /λ 0 . Note here that λ 0 > 0 is consistent with the ansatz taken for ψ. For the function ε to be small compared to 1, independently of the values of X 0 , we must have A > 0. The solution is finally
where ε 0 is a constant. We now have to check that the dilaton (7) satisfies the last two conditions (3), where l is given by the second eq.(4). The linearization of these conditions gives
and these equations are indeed satisfied, at the dominant order in 1/X 0 , which is consistent since higher orders correspond to going beyond the linearization.
We now turn to the main point of this paper and look for the dynamical Universe that the linearized solution generates. We consider from now on the case D = 4. The physical situation we are interested in is obtained for λ → 1, where the linearized dilaton is
and ρ = ε 0 exp(−1/λ 0 ) is such that 0 < ρ << 1 for consistency of the linearized approximation. If t E defines the Einstein time, the physical metric in the target space is [3] 
where a(t E ) is the scale factor of a spatially flat Robertson Walker Universe and x µ is the zero mode of X µ . From the previous results, we have then
such that, in the limit t E → ∞,
where the dots stand for higher orders in (1/t E ) 2 . We obtain finally for the scale factor
where
We remind here that these results are derived in the linearized approximation, i.e. to the first order in ρ. Also, the values of a 0 and τ cannot be determined since they depend on the constants of integration λ 0 and ρ. Eq.(17) describes the way the Minkowski Universe is approached, starting probably from the linear-dilaton solution of [3] , which in this framework corresponds to the trivial fixed point of the alternative to exact renormalization. The precise physical mechanism that leads to the exit from the linear-dilaton expanding Universe remains to be understood. To this end we need to study deformations of the σ-model that drive the theory away from the trivial fixed point and lead to the non-trivial one. Nevertheless, we believe that the present work will shed light on the physical picture of approaching the non-trivial fixed point.
More interesting cosmological solutions, such as inflation, remain to be studied in this novel framework, and will be the topic of future work.
